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Chemically-assisted fracture of thermoplastic 
PET reinforced with short E-glass fibre* 

CHANG LHYMN, J. M. SCHULTZ 
Center for Composite Materials, University of Delaware, Newark, Delaware 19711, USA 

The study of the stress-rupture lifetime of a PET/glass fibre system by means of fracture 
mechanics methods indicates the degradation of lifetime under an aggressive environment 
(10% HCI solution). The SEM-EDAX analysis reveals the depletion of calcium and 
aluminium elements from the fibre, and this is believed to be the cause of multiple fibre 
fractures. The fracture toughness is decreased because the role of fibre pull-out, which is 
the significant energy-consuming process, is negligible. A statistical analysis, from which 
the lifetime behaviour can be predicted, is carried out. 

1. Introduction 
The corrosion resistance of a fibre-reinforced plas- 
tic (FRP) is important when applied under an 
aggressive environment. Generally, FRP is superior 
to metals or alloys in resisting corrosive attack, but 
it is known that FRP's can be weakened under an 
aggressive environment [1-3].  In composites, the 
weak spot is either a glass fibre or an interface 
[4-6].  In this context the polymeric matrix pro- 
tects the weak spots. If the weak spots are some- 
how exposed to a corrosive medium by diffusive 
flow of chemicals or by microcracks, then corro- 
sion of the fibre and the interface can occur. 

In this study, the fracture mechanics approach 
originally developed for metallic materials [7] is 
applied to investigate the corrosion behaviour of a 
short fibre composite under an acidic solution 
during constant load rupture testing. Microscopy 
examinations are also reported. Previous tests 
under various acidic solutions [6] indicate that 
most attack occurs at the fibre/matrix interfaces 
and at the fibres, while the matrix is insensitive to 
the aggressive medium. The ultimate cause of 
deterioration was not quite clear, and the lifetime 
behaviour was not quantitatively explained. This 
paper addresses the above two questions. 

2. Experimental procedures 
The experimental details are given elsewhere [8, 
9]. The test material is a thermoplastic poly(ethyl- 

ene terepthalate) (PET) matrix, specifically formu- 
lated for rapid crystallization during injection 
moulding, dispersed with short E-glass fibres. The 
weight fraction of fibres is 45% and the fibre dia- 
meter is about 10/lm. Recently, it was discovered 
that in the kind of short-fibre-reinforced thermo- 
plastic sheets used in this study (Rynite | 545), the 
fibre orientation varies systematically across the 
specimen thickness [8, 9]. The authors showed 
that near the mould surface the fibres are aligned 
in the mould-fill direction (MFD), while the centre 
section, away from the surface, contained fibres 
which lay preferentially normal to both the speci- 
men thickness and the MFD. A cross-sectional 
micrograph across the thickness direction of a 
sheet plaque of 1/16 inch thickness is shown in 
Fig. 1. 

The geometry of compact tension specimens is 
shown in Fig. 2, as reported elsewhere [9]. Three 
kinds of machine-notch geometry are used; 
T-specimen (0 = 90~ 45~ (0 = 45~ 
and L-specimen (0 = 0~ Here, 0 denotes the 
angle between the MFD and the notch. 

The aggressive chemical used is a 10% solution 
of HC1 in water. Every specimen was pre-soaked in 
10% HC1 solution for one week prior to testing. 
The actual testing was done with the specimen im- 
mersed in the HC1 solution. A scanning electron 
microscope (SEM) was used to observe the frac- 
tured surface, and the compositional profile was 
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Figure 1 Cross-sectional view of 1/16inch as-moulded 
Rynite | through the thickness direction. 

determined by the energy-dispersive X-ray analysis 
(EDAX) system attached to the SEM. Since the 
actual probing of the fibre exposed to the HC1 
solution during stress-rupture testing is very diffi- 
cult, the flat specimen was simply immersed in a 
10% HC1 solution for a specified time period and 
then probed. In this way, the effect of HC1 solu- 
tion on the fibre composition could be determined 
and be compared to the initial uncorroded speci- 
men, eliminating the stress factor in a stress 
corrosion test. Fig. 3 illustrates the sequence of 
this corrosion test. For reference, the average fibre 
length is about 200/~m. 

3. Results and discussion 
3.1. Effect on chemical corrosion 
The compositional profiles (EDAX analysis) are 
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shown in Figs. 4 and 5 for both corrosion and 
virgin (no acid treatment) specimens respectively. 
Both specimens are flat to maintain the same take- 
off angle (between the specimen surface and the 
direction of the measured X-rays). The probed 
mode automatically makes the highest peak 
(silicon) full-scale at all times by continuously 
renormalizing the display. 

By taking the relative ratio of aluminium/ 
silicon and calcium/silicon of both corrosion and 
initial specimens, it is clear that the aluminium and 
calcium elements are relatively depleted in the case 
of the corrosion sample. The local depletion of 
aluminium and calcium could cause a local pitting, 
which acts as a stress-raiser for the eventual fibre 
cracking as observed in the actual stress-corrosion 
test shown in Fig. 6. Therefore, the compositional 
variation based on an ideal flat specimen under a 
corrosive medium indicates indirectly the cause of 
multiple fibre fracture events along the crack path. 
It is believed that the leached-out calcium and 
aluminium elements remain in an ionized state in 
solution. The sequence of events is visualized in 
Fig. 7. 

Fig. 6 illustrates the fibre surface exposed to a 
HC1 solution, revealing numerous fibre fractures 
and interfacial cracking. The matrix fracture as 
well as fibre fracture seem to suggest that the 
cracking may be due to the internal stresses. 

3.2. F r a c t o g r a p h y  
The SEM observation of fibres and matrix was also 
fruitful. The morphological features of the frac- 
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Figure 2 Geometry of compact tension 
specimen. 
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Figure 3 Corrosion experiment for EDAX analysis: (a) 
corroded, and (b) uncorroded. 

ture surface are revealed in Figs. 8 and 9. Structur- 
ally speaking, two things are different from the 
case of  uncorroded fracture: 

1. White dots observed under SEM on a two- 
dimensional surface are a charging effect caused by 
the formation of  micropits or microcracks (see 
Fig. 8). 

2. Numerous fibre fractures in a fibre are seen, 
both of  macroscopic and microscopic nature 
(Fig. 9). 

The depletion of  calcium and aluminium in a 
fibre produces an open structure, which is less 
resistant to chemical attack than the initial struc- 
ture. Perhaps even more importantly, the local 
pitting produces stress-raisers. Bond scission is 
easily accomplished at a region of  local stress 
enhancement during slow propagation of  the crack 
front. The end result is the microcracking of a 
fibre at various locations along its length (Figs. 8 
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Figure 4 EDAX profile of corroded specimen. 
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Figure 5 EDAX profile of uncorroded (air) specimen. 

and 9). The model of  chemically-assisted fracture 
is given in Fig. 7. 

Fibres are thus easily fractured around the 
crack tip due to the combined action of  stress con- 
centration and chemical attack. Easy fibre fracture 
on the crack front means that fibre pull-out 
(which was abundant in the static rupture case 
under an air environment) does not occur, and 
therefore the fracture plane is quite flat (Fig. 10a). 
Figs. 10a to d are a series of  micrographs from the 
same sample along the crack path. The area near 
the notch, where the crack papagates slowly (Figs. 
10a and b), is very flat. The area near the other 
end of  the specimen, where the crack propagates 
almost instantaneously, shows a lot of  fibre pull- 
out and a ragged fracture surface. This is shown in 
Figs. 10c and d. 

The implication of  the elimination of  the fibre 
pull-out process for fracture is that the energy of  

Figure 6 Surface micrograph of corroded specimen. 
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Figure 7 Fibre cracking at the 
crack tip under an aggressive en- 
vironment. 
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fracture is reduced, eventually lowering the frac- 
ture toughness as will be shown in the next sec- 
tion. 

Initially, the crack propagates slowly at an area 
near the notch tip. During this stage, the fibre is 
weakened by the penetration of a corrosive fluid 
and thus the fracture plane is flat. At an area 
remote from the notch tip, the crack propagates 

rapidly and significant penetration and attack by 
the aggressive medium does not take place. 
Therefore, at this remote area, the fracture surface 
is very ragged and shows a lot of  fibre pull-out. 
This expected change in the fractographic aspect is 
verified in Figs. l l a  and b, which are taken of the 
same specimen. 

Figure 8 SEM view of corroded 45~ after failure. 
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Figure 9 Two-dimensional micrograph under a stage of 
crack propagation. 



Figure 10 (a) Fracture plane near the notch area of a natural 1/16 inch laminate. (b) T-configuration section of (a). (c) 
Fracture plane of the zone of fast crack propagation. (d) Magnified area of (e). 

Generally, matrix cracking starts from the fibre 

ends in radial direction. Neighbouring cracks (pre- 
ceded by a crazing process) from adjacent fibre 
ends meet together to form a yielded zone and 

shear rupture (see Fig. 1 lb). 
When the duration of stress-corrosion is not 

long enough, a mixed mode of matrix fracture 

(ductile and brittle) is seen, as in Fig. 12. Here, in 
the zone of brittle fracture, the interface has not 
yet deteriorated and the fibre is still intact. Such 
an interface-dominated fracture area is brittle. 

When the critical interracial shear stress is greater 

Figure 11 Stress corrosion fracture plane of (1/16 inch) LTL natural laminate, showing a transitional mode of core T 
region from the notch (left) to the specimen end. Fibre pull-out begins to show up at the arrow point. (b) Transitional 
area of (a). 
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Figure 12 Notch area of a fractured specimen which has Figure 14 SEM view of an area remote from the notch of 
been pre-soaked in a 10% HC1 for 48 h. the 45~ 

than the matrix yield strength, the matrix starts to 
fail before interfacial bonding occurs. This seems 
to be the case of  cohesive debonding. When the 
crack propagates quickly, the fibres are not so 
weakened, due to there being insufficient time for 
chemical attack. In this case, the shear stress along 
the fibre/matrix interface is lower than the normal 
stress required for fibre fracture at the crack front. 
The end result is a fibre pull-out under high speed 
crack propagation (Fig. 1 lb). 

The chemically-assisted fracture of 45 ~ speci- 
mens reveals two regions of  crack propagation: 
slow propagation during the intial stage of crack 
growth and fast propagation during the later stage 
of  crack instability. During the period of slow 
propagation, fibre fractures are induced so that the 
crack propagates along the direction perpendicular 
to the stress axis (Fig. 13). 

In this region near the notch, the material fails 
in a ductile mode. In a region remote from the 

Figure 13 Area near notch of 45~ 
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machine-notch, the crack propagates quickly and 
the material fails in a brittle mode as shown in Fig. 
14. It is clear that the brittle failure occurs mainly 
along the fibre/matrix interface and along the 
matrix phase connecting the discrete interfaces 
(Fig. 14). In a region of  ductile failure (Fig. 13), 
numerous fibre fractures are seen as well as inter- 
face and matrix fracture. The macroscopic fracture 
path in a brittle region is roughly at 45 ~ to the 
stress axis, while fracture in a ductile region occurs 
roughly at 90 ~ to the tensile axis, initially due to 
the occurrence of  numerous fibre crackings. )ks 
shown before, the fibre fracture in this stress cor- 
rosion test is the result of  chemical attack and thus 
such a chemical attack requires a certain incuba- 
tion time (acid penetration and reaction). This 
time is available in a region of  ductile failure where 
the crack propagates slowly, but is not available in 
a region of  brittle failure where the crack propa- 
gates quickly. 

The crack growth of  a T-specimen under stress 
corrosion is shown in Figs. 15a and b. Fibre frac- 
ture under an air environment is induced by a far- 
field effect, away from the immediate crack front. 
The crack front does not directly cause fibre frac- 
ture but provides additional energy for crack 
propagation along the fibre/matrix interface. Fibre 
fracture under an aggressive environment is 
induced by both far-field and by the local crack 
front. When the crack front approaches a fibre, the 
chemical attack weakens the fibre section exposed 
to a corrosive fluid. The dominance of  fibre frac- 
ture instead of  interface fracture (and subsequent 
fibre pull-out) causes a relatively quite planar 
fracture mode. 



Figure 15 Stress-corroded crack propagation for T-specimen. 

3 .3 .  S t r e s s - r u p t u r e  l i fe t ime 
The stress intensity factor equation for a compact 
tension specimen can be presented in the form 
[10]: 

Ko - Bal, 2 f (1) 

where P is the applied load, B is the specimen 
thickness, and f (a/w) is a geometrical correlation 
factor. K e is defined as the value of  the stress 
intensity factor K I at which a crack in the speci- 
men begins to grow unstably. Such a K e is of  a 
macroscopic nature, based on a homogeneous and 
isotropic material. The lifetime data for various 
specimens under an air and 10% HC1 solution en- 
vironment are shown in Figs. 16 and 17 respec- 
tively. The specimens are as-moulded "natural" 
laminate of  three layers (LTL or TLT). The Kc 
plotted is the initial stress intensity factor. The air- 
failure case shows a very weak (almost time- 
independent) slope, while the 10% HCl-failure case 

reveals a reduced lifetime effect for long-time 
stress-rupture tests. The reduction of  lifetime in 
the case of  stress-corrosion is due to fibre deterior- 
ation, reducing the role of  fibre pull-out in 
fracture toughness. These qualitative aspects will 
be quantified by statistical modelling in a later 
section. 

3 . 4 .  Stat ic fa i lure c r i t e r i a  

From the previous sections, the following facts are 
established: 

1. There is a ductile-to-brittle transiton in the 
fracture mode of  stress-ruptured specimens. The 
ductile zone near the notch area is where the crack 
grows slowly, in a step-wise fashion [9]. 

2. The lifetime data (time-to-failure, t F against 
Ke) indicates that there is a lower bound limit of  
Ks~c, below which the specimen never fractures 
(tF ~ oo) for materials tested in air. Instantaneous 
fracture is characterized by zero t F and this is the 
upper bound limit of  initial K c. 
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K~ data of triple layer specimens 
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stress-corrosion test of triple 
layer specimens. 

3. Between these two bounds, the Kc--tF data 
show a wide scatter, with a very weak slope. 

The critical length concept is introduced to 
explain the above facts. 

The crack growth behaviour can be generalized 
as shown in Fig. 18, where the interracial and 
matrix fracture are identified. The sequential 
growth process is transformed to a velocity (v ) -  
time (t) graph and then finally to an average velo- 
city (V)-time-to-failure (tF) shape. Each process is 
assumed to have a characteristic crack growth velo- 
city and the 6-function-like fibre fracture event 
away from the advancing crack tip is not shown 

i. 9~atrix Crack 
2. Crack Arrest at the Interface 
3. Interracial Debonding Completed and 

Then Jumped to Next Fiber 
4. Interfacial Growth Aiong Oblique Edges 
5. Final Crack Acceleration Just Before 

Breakdown 
6. Part-Through Fracture 
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Figure 18 C r a c k  g r o w t h  a n d  i t s  e q u i v a l e n t  t r a n s f o r m a t i o n .  
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but is assumed to be integrated to the final ~-- t  F 

rectangle. Mathematically, 

X (v~m3atx~ = (~)tr (2) 
i 

where x i is the location of the cracking event. 
In order for a part-through breakdown, the area 

(Vtv) is assumed to be greater than a certain 
critical value L*, i.e. 

~tF ~> L* (3) 

Experimental evidence seems to indicate that the 
onset of sudden breakdown is related to the tran- 
sition (from ductile to brittle) behaviour in the 
case of sustained load cracking. Consequently, it is 
reasonable to assume that L* is nearly equal to the 
length L d of the ductile zone. 

L* ~ + L a (4) 

Here, L* is the integrated length while the so- 
called plastic zone size is an instantaneous zone 
near the crack tip and has no bearing on the sud- 
den breakdown. 

Presumably Ld grows with the time of sustained 
loading and somehow depends on the load: 

Ld = K(e)t (5) 

where K(P) is a load-dependent constant. 
The actual observation of stress-rupture data 

indicates three kinds of crack length-time behav- 
iour (Fig. 19). Guided by the above phenomena, it 
is assumed that Fig. 20 is the functional form of 
K(P) for different orientations. From the relation 

L* 
tv - (6) 

K(e) 

we can understand the instantaneous breakdown 
(tF = O) and apparent crack arrest (tv = ~). 

The branchy aspect of crack propagation mani- 
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Figure 19 Three modes of crack growth behaviour. 

fested at various locations, included in the sum- 
mation over i in Equation 2, induces a relaxation 
of  stress concentration at the crack tip as well as 
the randomness of  the crack path, particularly for 
a T-specimen. The localized processes, indicated 
by the summation over i, are precursors of  crack 

K(p) 

0 Pmin Pmax 

K(p) 

L 45~ i ]  

Figure 20 K(p) dependence on the orientation of fibre. 

connectivity through weak channels. So, this criti- 
cal length model contains the far-field effect as its 
starting point. 

The concept of  fracture mechanics is applicable 
in the L* representation. At the moment of  reach- 
ing L*, the stress concentration at the main crack 
tip reaches a critical value to cause catastrophic 
failure. Also, note the introduction of  lower and 
upper bounds on K(P). 

L*=K(P)t where K(P) may be of  several 
forms; linear, parabolic, exponential, etc. K(P) can 
be regarded as a measure of  velocity and classically 
the velocity da/dt =aK~, where a and n are 
material constants and Ki the mode I stress inten- 
sity factor [11]. Thus, 

I,* = ~:;'t = a f ( 7 )  

Therefore, the material property K(P) comes from 
two constants a and n and the value of  n deter- 
mines the shape of  K(P) between the lower and 
upper bounds. 

For a specific material two bounds, Pmin and 
Pmax, are determined from the stress-rupture tests. 
The K(P) form is experimentally deduced from the 
measurements of  L* for specific P and t values. 
From this K(P) curve the material constants a and 
n could be obtained by approximation. 

3.5. Statistical analysis 
The actual measurement of  the length, L, of  the 
ductile zone is given in Fig. 21. It can be safely 
assumed that L* = constant. So, aK~t = constant. 
This is equivalent to CK~ = 1, where C is equal to 
(a/constant). So, the critical length concept natur- 
ally arrives at the lifetime model. 

As can be perceived from Figs. 16 and 17, the 
lifetime data is not deterministic but statistical. ~-p 
For each stress level, the scatter in the lifetime can 
be fitted to a certain distribution function. The 
Weibull distribution is particularly useful as a 
model for product life, having a great variety of  
shapes which can be extremeley flexible in the 
fitting of  data. Thus, the approach to the Kl-t f  
characterization is based on the previous lifetime 
model and a Weibull distribution of  time-to- 
failure. The details of  the Weibull distribution is 
given in the Appendix. 

Applying the model proposed by Whitney [12] 
'~P for the static rupture case, the distribution of  life- 

times at a specific stress level can be expressed by 
the two-parameter Weibull distribution function, 
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where R(tF) denotes the reliability of  tF (the prob- 
ability of  survival), to is the characteristic time-to- 
failure (the "location parameter"),  and af  is the 
"shape parameter".  

From CK~tr = 1 and R ( t r )  = exp [--(tF/to) aF] 

K i = A  --lnR(tF tF--  (9) 

whereA - C (-l/b) . Since-- In R (to) = 1, the follow- 
ing equation is easily derived: 

K, ( to )  = At(o -l/b) (10) 

Therefore, a plot of  logKt  against log t o produces a 
straight line with slope (-- 1/b) and a y-intercept of  
logA. 

The K l - t  F c u r v e  for any reliability can be pro- 
duced in the following way. Using to = C-IK~ b, 
one writes [- {-"-Y'] 

R( tF)  = exp [C_IK;b ) ] (11) 

Solving for K1, 

K 1 = A{[--lnR(tF)](1/aIb)}t~/b) (12) 

The stress-corrosion data of  single layer speci- 
mens (prepared by machining off  the upper two 
layers) are shown in Fig. 22. It is clear that the 
initial Kc value required for part-through failure is 
lower in the case of  stress-corrosion for long-time 
rupture. The stress-corrosion for fibre fracture 
requires a certain time to leach out some elements, 
so that the reduced lifetime effect due to 
weakened fibres is seen for long-time stress-rupture 
tests. 

The spread of lifetime data points in a single 
layer tends to merge together in a natural three- 
layer laminate, probably due to the averaging 
effect of  multi-layers. 

In order to obtain the unknown parameters 
(af, b, A) the data reduction scheme is chosen: (a) 
fitting the t~ data at each stress range to a two- 
parameter Weibull distribution; (b) determination 
of a~ by a data pooling technique; (c) fitting 
lnK1 against In to data to a straight line to deter- 
mine b and A. 
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When the number of  specimens tested at the ith 
stress level, Ki, is denoted as ni, and m is the num- 
ber of  stress levels tested, the following data set is 
obtained. 

N i ( N n ,  Ar ia , . . .  , Nini), i = 1 ,2  . . . .  , rn 

As shown in detail in the Appendix, the maximum 
likelihood estimate (IDLE) method is used to 
determine arg and toi. 

ng 

1 1 
: = t , i  ^ - V, . , t  u ^ - 0 ( 1 3 )  

j=l 

tOi = L ( 2 ( t i j ) & f i t  1 (14) 
n i \  ] 

where &~i and t0i denote estimated values of  afg 
and toi. The iterative analysis is used to obtain a 
value of &~g to any desired accuracy [13]. Here ng 
is the number of  test specimens tested at the ith 
stress level. 

A single value of  a~ for all Ka levels is deter- 
mined by a data pooling technique [14]. Utilizing 
the normalized data set 

to 
x g j  = - -  ( 1 5 )  

tog 

each set of  data at a given stress (Kli) range is 
normalized by the characteristic time-to-failure 

and the results are fitted to the pooled two- 
parameter Weibull distribution 

R.) : eke/- ( q ~  - 

[ \Xo] j 
For pooled parameters, the MLE procedure pro- 
duces the following a~ values: 

(a~)Tmcl = 0.616 

(0Lf)L/I_IC 1 : 0.622 

(o~f)T/ae = 0.291 

(C~f)L/~ = 0.389 

Here, a high af implies a narrow spread of lifetime 
data. 

The values of  ~oi are adjusted by the equation 
toi = Xotoi, where /-oi is the estimated value of to 
associated with the adjusted two-parameter 
Weibull distribution, R ( x )  = e x p ( - - x ~ ) .  Here, the 
location parameter, Xo, is adjusted to be unity for 
a perfect fit to the data pooling scheme. 

From the data of  the log K1 against log toi curve 
(Figs. 23 and 24), the least squares fitting pro- 
cedure produces 

(b)Tg_i a = 10 

(b)Lmcl = 19.2 

(b)T/a~ = 29.1 

(b)L/a ~ = 21.8 
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Figure 24 lnK~ against In t o data of (a) (L/air) specimens, and (b) (L/HC1) specimens. 
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and from the intercept 

(A)TmCl = 22.87 

(A)I,/I-ICl = 7.39 

(A)T/alr = 17.28 

(A)T,lair = 11.58 

So, the lifetime prediction model becomes 

[ 
(K1)TmCl = 22.89 [ ( - - lnR)  

for a certain reliability R. 
Likewise, 

t(F-1/lo) 
0.6.6 • 1 

(17) 

(18) 

( I [ ] t~_v29.1)  
(Kt)T/ae = 17.28 - - l n R )  0.291 x 29.1j (19) 

(K1)I4air = 11.58 ( - - l nR)  0.389 x 2i~.8 
(20) 

The result of  one calculation is shown in Figs. 25 
and 26 for reliabilities R = 0.1 and 0.9 as exam- 
ples. For a specific K1 value, the dominating 
failure mode corresponds to the shortest lifetime 
(tF) mode. 

Since the material constant in the power law 
equation of lifetime behaviour are derived from 
the preliminary experimental data, the final results 
of  Figs. 25 and 26 must reflect the experimental 
observations. As expected, the lifetime follows the 
air-rupture case initially, but when the fibre is 
weakened by a compositional depletion after a cer- 
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Figure 26 Lifetime prediction 
model of L-specimens. 
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tain time period, the lifetime switches to the acid- 
rupture case. When the fracture process is domina- 
ted by fibre, the lifetime data shows an almost 
time-independent behaviour, but when the fibre is 
sufficiently weakened, the fracture mode changes 
into the matrix-dominating one. The degree of 
fitting of  lifetime data to the two-parameter 
Weibull distribution function is shown in the 
Appendix. 

4. Conclusions 
The "critical barrier" model of  lifetime prediction 
is well aligned with the experimental data, since it 
is based on solid assumptions derived from fracto- 
graphic observations. The relatively small number 
of  tests is enough to determine two material con- 
stants. 

The aluminium and calcium content of the 
fibre is decreased during stress-corrosion and the 
subsequent pit formation (or the tensile stress 
induced by volume change) is the precursor of  
massive fibre cracking of stress-corroded speci- 
mens. 
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Appendix 
Method of maximum likelihood [13] 
For a continuous distribution, the likelihood L(O) 
for a complete sample of n observations xl,x2, 
�9 , x n is defined as the joint probability density, 
i.e. L(O) = f(xl ;  0)x . . . . .  xf(xn; 0) =IIp= 1 f(xn; 0), 
where 0 is an unknown parameter and f(x; O)is a 
probability density function. For a discrete distri- 
bution, the probability mass function is used in 
place of the probability density, i.e. L ( 0 ) =  
[In= 1P(xi; 0), where P(xi; O) is a probability mass 
function. The maximum likelihood estimator 
(MLE) of 0, say 0, is the value of 0 that maxi- 
mizes L or the logarithm of L. The MLE of 0 is a 
solution of d(logL )/dO = O. 

The Weibull distribution [ 13] 
The Weibull probability density function having 
two-parameters is 

a ( t  t(~-') f(t) = to ~to] exp[--(t/to) ~] (A1) 

The parameter to, often called the characteristic 
life, is a scale parameter specifying the 63.2th 
distribution percentile and determines the spread. 
The parameter a, known as the shape parameter, 
determines the shape of the distribution and is 
positive. Analytical estimates of  the two par- 
ameters should in general be obtained iteratively, 
and very often the method of maximum likelihood 
is used. 

For a sample of  size n, the likelihood function 
L = f ( t  1 . . . . .  tr) can be expressed 

L -  ~ h i  a(ti/to)(~-l)exp[--(tjto)~] } 
(n --r).i=l [ t 0 

X (1 -- {1 -- exp [--(ts/to) ~] })(n-r) (A2) 

where t s = t e ( a specified test termination time) 
for Type 1 censoring and t s = t(v) (the observed 
time of the rth failure) for Type 2 censoring, at 
which time testing is terminated. From the con- 
ditions of  O(ln L)/3to = 0 and O(lnL)/Oa = 0, the 
following forms are obtained: 

k (ti) ~ In t i + (n -- r)(ts) ~ in t s 
i=1 1 1Z.v l n t i = 0  

?- 

Z (t,) + (n - r)t  r i = ,  
i = 1 (A3) 

and 

t =7 q (A4) 

Since n = r and a = a t in the present case, Equa- 
tions 13 and 14 can be obtained. For reference, 
the Weibull reliability function for the proportion 
surviving an age of at least t~ is 

R(t~) = exp [-- (t~/to)~], tf > 0 (AS) 

Generally, the reliability function R(t) for a life 
distribution is 

R(t) = ft=f(t) at = l -  F(t) (A6) 

where f(t) is a probability density, and F(t) is the 
cumulative distribution function with a prob- 
ability density f(t) :  

F(t) = f~ f(u) du (A7) 
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FigureA2 Comparison between data and Weibull distribution for (T/air) specimens. &~ = 0.29. 
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For  the Weibull probabi l i ty  density funct ion  f ( t ) ,  

F(t)  = 1 - e x p [ - - ( t / t o ) ~ ] ,  t > 0  (AS) 

R( t )  = exp [ -  (t/to)~], t > 0 (A9)  

Data f i t t ing 
The data pooling technique compares  the Weibull 

dis tr ibut ion and the data as shown in Figs. A1, A2, 

A3 and A4,  respectively for T/HC1, T/air ,  L/HC1 

and L/air cases. Here the input  variable is given by 

x - x 10 3. (A10)  
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